ABSTRACT We formulate quantum group Riemannian geometry as a gauge theory of quantum differential forms. We first develop (and slightly generalise) classical Riemannian geometry in a self-dual manner as a principal bundle frame resolution and a dual pair of canonical forms. The role of Levi-Civita connection is naturally generalised to connections with vanishing torsion and cotorsion, which we introduce. We then provide the corresponding quantum group and braided group formulations with the universal quantum differential calculus. We also give general constructions for examples, including quantum spheres and quantum planes.
a frame bundle resolution. We also show (Proposition 4.2) how Fourier transformation on a finite-dimensional Hopf algebra can be interpreted as inducing a quantum metric on it. We then turn to more general classes of examples, including a frame resolution for any quantum homogeneous space (such a the q-sphere) obtained as a homogeneous bundle P → H, and a frame bundle resolution for any braided group B (such as the quantum plane M = R n q ) obtained as its bosonisation. The structure group in the quantum plane example is GL q (n), i.e. this is the natural 'flat space' example.
The paper concludes with an appendix detailing the corresponding theory with braid statistics, proven diagrammatically. This is for completeness as a supplement the diagrammatic or braided group gauge theory in [9] [10]. The still more general coalgebra bundle case [9] is a direction for further work.
Finally, although we will indicate briefly how the results generalise to non-universal differential calculi, the detailed theory in this case must await the theory of associated bundles with nonuniversal calculus. The first step, namely the construction of natural nonuniversal calculi
Proof The fiber-wise formulae are as in [11] : given θ which is G-equivariant and horizontal, we define a mapθ : T x M → E x byθ(X x ) = [(p, θ(X))] where p ∈ P is such that π(p) = x andX is any vector field on P with horizontal projection π * (X) = X at x (i.e. any local lift). One may then check that this construction extends smoothly: in each open set U choose a local section σ : U → P to specify the lifts. ⊔ ⊓ An example is provided by the frame bundle. We recall that a frame at x ∈ M is a linear isomorphism R n → T x M (i.e. a choice of basis of T x M ). The frame bundle P = F M is a principal bundle over M with structure group G = GL n and fiber over x given by the set of all frames at x. In a local patch where the bundle is trivial, we denote by π 2 (p) : R n → T π(p) M the corresponding frame. The canonical 1-form θ ∈ Ω 1 tensorial (P, R n ) is locally defined by
for all X ∈ T P . One may check that it is tensorial and globally defined. Here V = R n as a GL n -module and the map in Lemma 2.1 in this case is an isomorphism T M ∼ =E = F M × GLn R n .
Thus Lemma 2.1 tells us that the tangent bundle is an associated vector bundle to the frame bundle.
Moreover, the fact that θ characterises the frame bundle as observed in [5] , is now recovered as an immediate corollary of Lemma 2.1:
Corollary 2.2 If (P, θ), (P ′ , θ ′ ) are two GL n -bundles over M equipped with equivariant tensorial
1-forms with values in R n and such that their induced maps in Lemma 2.1 are isomorphisms,
then P ∼ =P ′ and θ ′ may be identified with θ.
Proof Clearly P × GLn R n∼ =T M ∼ =P ′ × GLn R n as associated GL n bundles. Since the actions on V = R n in both cases are the same fundamental representation of GL n , which is faithful, the structure constants of P and P ′ are equivalent, i.e. they are isomorphic principal bundles. ⊔ ⊓ Taking P = F M and θ the canonical form, any other P ′ , θ ′ with the same structure group GL n is therefore isomorphic. But one could have different examples with different structure groups. For example, one may take the bundle of affine frames with structure group R n >⊳GL n or, for a manifold admitting a metric, the bundle of orthogonal frames with structure group O n . We call any (P, G, V, θ) inducing an isomorphism via Lemma 2.1 a frame resolution of the tangent bundle. We now extend these ideas further, to include differential forms. As a dualisation of Lemma 2.1, we have cf [12, Sec. 11.14] .
Proposition 2.3 Let V in the setting of Lemma 2.1 be finite-dimensional and V * its dual as a G-module. θ ∈ Ω 1 tensorial (P, V ) are in correspondence with bundle maps E * → T * M and, at the level of sections, with C(M )-module maps
Proof We dualise Lemma 2.1 in a straightforward manner (fiberwise). Here E * = P × G V * is the fiber-wise dual. Explicitly, a V * -valued equivariant function φ maps to the one form which at x has values (π * ) −1 φ p · θ p where we chose any p ∈ π −1 (x) and identify θ p as in the image of π * : T x M → T p P . Here · denotes the evaluation of V * with V . A similar correspondence has been pointed out to us in [12, Sec. 11.14] ; for our purposes we need the correspondence quite explicitly in the form just given. ⊔ ⊓
In the case of the frame bundle, this is an isomorphism and expresses the cotangent bundle as an associated vector bundle T * M ∼ =F M × GLn R n * . Similarly for any frame resolution (P, G, V, θ)
we see that both 1-forms and vector fields on M may then be expressed as V or V * -valued equivariant functions on P . In a similar manner, one has in this case
derivative on vector fields, 1-forms etc when these are viewed via the above isomorphisms as sections of suitable associated vector bundles. In this way, one obtains the usual formulae of Riemannian geometry but now as a gauge theory on any frame resolution. As such, many of the formulae are in fact more natural. 
Lemma 2.4 Let (P,
for φ ∈ C G (P, V * ) corresponding to f ∈ Ω 1 (M ) andX any lift of a vector field X on M . Here L denotes the Lie derivative and · the evaluation of V * with V .
Proof Here π * f = φ · θ as in Proposition 2.3, and similarly π * ∇ X f = (DX φ) · θ = (X(φ) + ωXφ) · θ by the similar isomorphism (1) . Note that the covariant derivative on C G (P, V * ) is defined by Dφ = (id − Π ω )dφ = Dφ −ω(φ) = dφ + ωφ since φ is equivariant in the senseξ(φ) = −ξφ for all ξ ∈ g, the Lie algebra of G. Hereξ is the vector field on P induced by the action of ξ and Π ω is the projection on Ω 1 (P ) corresponding to the connection form ω. These steps are the standard definition of Dφ, as in [11] (we recall them explicitly since we use the quantum group version in Section 3). We then evaluate against any liftX of X to a vector field on P . Here DX φ is manifestly independent of the choice of lift since ωξ = ξ for any connection form, and φ is equivariant. Also, if g ∈ C(M ) then gf corresponds
Finally, writingX(φ) = LXφ and the Leibniz property of the Lie derivative (and moving ω to act on V rather than V * by (ξφ) · θ = −φ · ξθ) gives the alternative expression for ∇ X f as stated.
⊔ ⊓
We call the operation L = L + ω on form-sections the covariant Lie derivative. We see that
Lθ measures the deviation of the covariant derivative from the Lie derivative on forms. Finally, we define the covariant derivative on vector fields by
for all vector fields X, Y on M and all f ∈ Ω 1 (M ).
Proposition 2.5 Define the torsion tensor T as the (1, 2) -tensor on M corresponding to Dθ ∈ Ω 2 tensorial (P, V ) under the above isomorphisms. Then
, which is equivalent to the usual definition of the torsion tensor.
Proof We first show that the equation shown for T is equivalent to the usual definition
for all vector fields X, Y on M . Using (5), this is equivalent to
On the other hand, using the notation i X for interior product with forms, L X for Lie derivative, and the identities
as required. Here
We now let T correspond to Dθ by (4). Equivalently, T (X, Y ) is a vector field corresponding under the induced isomorphism in Lemma 2.
Once these isomorphisms are understood, the computation in the tensorial form language is
The operation ∇∧ is the covariant exterior derivative and we see that the torsion T measures its difference from the usual exterior derivative on 1-forms. We can similarly treat the Riemannian curvature in terms of differential forms and sections. 
) is the curvature of the connection form ω and f ∈ Ω 1 (M ) corresponds to φ.
Proof It is easy to check that the stated formula for R(X, Y ) acting on forms is equivalent to its usual definition as an operator on vector fields, when the two are related by Z, R(X, Y )f = − R(X, Y )Z, f for all X, Y, Z and f . We use (5) repeatedly to establish this. Next, from
To compute this, note that
We used the usual formulae for [L, i] and L = id + di, this time in P . Hence
One may also define the exterior covariant derivative on 2-forms as corresponding to D on Ω 1 (P, V * ), and then ∇ ∧ ∇ ∧ f = R ∧ f holds, cf [12] . Moreover, to complete the picture, we can also consider the metric under
as an equivariant function on P with values in V * ⊗ V * . The first isomorphism here is that in Proposition 2.3 applied to each tensor factor over C(M ). The second is given by pointwise product in P and is clearly an isomorphism for trivial bundles (where
etc.), and hence holds generally by local triviality of a general bundle.
to the tensor product as a derivation.
Proof We make a similar computation to that in Lemma 2.4.
where g = g α ⊗ C(M ) g α , say (summation understood). We used the derivation property of the Lie derivative and the fact that g (where lies the output of ω) acts like a derivation on the tensor product representation V * ⊗ V * . Finally, by the alternative expression for ∇ on Ω 1 (M )
in Lemma 2.4, we obtain
as stated. Note that evaluation against Y, Z and (5) shows that (8) is equivalent to the more conventional definition of ∇ X g as [11] (
Finally, in the case where the frame resolution is a trivial bundle, the form θ itself corre-
. The space
is a 'matter field' with values in V * . These particular 'matter fields' correspond to 1-forms f ∈ Ω 1 (M ) by f = ψ · e. Similarly, a metric corresponds to 'matter field' η ∈ C(M, V * ⊗ V * ) by g = η · (e ⊗ e). Moreover, as usual, a connection ω corresponds to gauge field A ∈ Ω 1 (M, g) by
with the usual abuses of notation for the second term. This is how the quantities above look in terms of the usual 'matter fields' and 'gauge potentials'. Most manifolds do not admit trivial frame resolutions, but these are also the local formulae for each patch of a nontrivial frame resolution. One has similar formulae to the general case, for example This completes our formulation of the main properties of the covariant derivative on forms in terms of connections on an arbitrary frame resolution. In the general case we could call a connection 'Levi-Civita' with respect to a framing and a metric if Dθ = 0 (torsion free) and Dη = 0 (metric compatible). We should not expect existence and uniqueness however, as this depends strongly on a particular choice of resolution. Instead, one should reverse the logic and think of the frame resolution as part of the input data and already playing in part the role of choice of a metric. The choice of this and a connection on it specifies a covariant derivative in lieu of a metric. In the standard O n frame bundle case we know that connections correspond to metrics in the usual way, while a subgroup would only allow a subset of connections or a subset of corresponding metrics. Under this kind of correspondence, more general G are also possible, corresponding to locally preserving different kinds of 'generalised metrics'. For example, we may take G symplectic and symplectic forms in the role of metric. We could also consider manifolds equipped with, say, E 6 frame resolution or with resolution by infinite-dimensional groups, even without consideration of any metric.
Moreover, for any fixed G we can consider frame resolutions of Ω 1 (M ) via different representations V . For example, the spinor representation in the O 4 case leads ultimately to the spin bundle and Dirac operator. As a more novel application of this idea we consider now the representation V * conjugate to any V . We show that this leads to a natural 'self-dual' formulation and slight generalisation of Riemannian geometry. We reformulate a (not necessarily symmetric) metric g as corresponding under (1) to γ ∈ Ω 1 tensorial (P, V * ) and develop the theory symmetrically between γ and θ as defining conjugate frame resolutions, namely associated to V, V * respectively.
Corollary 2.8 Given a frame resolution (P, G, V, θ), a 2-cotensor g is nondegenerate as a map
called the dual frame resolution.
Proof Under the isomorphism s θ of Corollary 2.2, an isomorphism g :
It sends X to γX (for any liftX) since γX · θ = π * g(X, ). By Lemma 2.1, this is equivalent to a frame resolution
given by mapping X to θ ′ ,X , i.e. θ ′ = γ.
Note that, as a corollary, we have an explicit correspondence
in Proposition 2.4 etc., giving explicit formulae for the expressions there. ⊔ ⊓
We can also reverse the roles of θ and γ (and V * and V ) in all of the above, regarding γ as the frame resolution and θ as corresponding to a generalised metric. From this point of view it is natural to replace Dθ = 0 and ∇g = 0 by more symmetric 'self-dual' conditions Dθ = 0,
Proposition 2.9 Let (P, G, V, θ) be a frame resolution and g a nondegenerate 2-cotensor as 'generalised metric', viewed as a corresponding dual resolution (P, G, V * , γ). We define the
where T γ is the torsion of γ in the dual frame resolution, and (ii) Γ corresponds under (3) to Dγ.
Proof It is easy to see from the preceding corollary that Dγ corresponds under (3) to g(T γ ).
We prove part (ii). Using the identity (6) applied on P (and applied to liftsX,Ỹ ), we have
Here g Y = g(Y, ) ∈ Ω 1 (M ) corresponds to γỸ as in the preceding corollary, and its covariant derivative by ∇ X therefore corresponds to DX γỸ . The last line comes from (5), the usual expression for the torsion tensor as in Proposition 2.5, and the usual expression for ∇ X g as in Proposition 2.7. ⊔ ⊓ We note, using Proposition 2.5 and the Leibniz property as in Proposition 2.7, that we may also write the cotorsion form as
This gives an immediate corollary: Proof We project (11) to
the cotorsion form, the corollary says that the skewsymmetrized cotorsion form and torsion form differ by dg. For example, if g is antisymmetric, dg is the De Rahm exterior differential the vanishing of cotorsion is the same as saying that g is a symplectic 2-form. I.e. symplectic geometry is naturally included in our generalisation.
Finally, when the frame resolution bundle is trivial, γ corresponds to f ∈ Ω 1 (M, V * ) (which we call a V -cobein), and g = f ⊗ e. The vanishing of torsion and cotorsion with respect to a gauge field A is then the symmetrical condition
As an example, if G is any semisimple Lie group, we consider G × G as a principal G-bundle (where G acts on the right factor from the right). We take V = g with the adjoint action. On G is a canonical Maurer-Cartan form with values in g. We take this for e and we let f = η •e where η is the Killing form. This defines the usual metric on G (Riemannian in the compact case).
One also has a natural gauge field A inducing a covariant derivative with vanishing torsion and cotorsion. It is given by A equal to 1 2 the Maurer-Cartan form. We interpret dA + A ∧ A = 0 variously as (12) and zero curvature. We can similarly treat homogeneous spaces G/H.
Finally, as well as suggesting such natural generalisations of conventional Riemannian geometry, the gauge field formulation also suggests more radical approaches to quantisation of the graviton. For example, one may regard the frame resolution data (P, G, V, θ, γ) as part of the 'background manifold' data in which our particles move, considering only the connection or gauge field A part as dynamic. There are clearly a number of interesting directions suggested by the above formulation, some of which will be explored elsewhere. The main point for our present purposes, however, is that it provides a clean 'co-ordinate free' and 'differential form' approach suitable for generalisation to quantum group non-commutative geometry, to which we now turn.
Quantum group Riemannian geometry
Motivated by the above formulation of classical Riemannian geometry, we now let M be a possibly non-commutative unital algebra over a general ground field k. We use the theory of quantum principal bundles P with quantum structure group H, as introduced in [4] . Here H coacts by ∆ R on P , M = P H is the fixed point subalgebra, P is assumed to flat as an M -module and the extension is assumed to be Hopf-Galois. These definitions are somewhat like the classical ones but with arrows reversed since our spaces M etc are replaced by algebras playing the role of their ring of functions. We use the universal differential calculi Ω 1 M, Ω 1 P etc associated to any unital algebra. Here Ω 1 M ⊂ M ⊗ M is the kernel of the product map and d :
Further, one finds [4] effectively that the role of local triviality in the theory of connections can be played by the assumption that the map χ :
This 'Hopf-Galois' condition is familiar in Hopf algebra theory and has been considered as a natural 'topological' requirement [17] even without the differential calculus and gauge theory for this setting introduced in [4] .
We assume that the quantum group H has invertible antipode.
As shown in [6] and cf [4] [7] , if V is a right H-comodule with invariant 'unit' element 1 ∈ V ,
we have an associated fiber bundle E = (P ⊗ V ) H containing M as M ⊗ 1. The sections of E are the unital left M -module maps E → M and are in 1-1 correspondence with to unital equivariant maps V → P . To this theory we now add a description of Ω n M in terms of E. These kind of results do not actually need a unit element in V and we drop this for the purposes of the present paper. We also recall from [4] that θ : V → Ω 1 P is right strongly tensorial (r.s.t.) if it is equivariant and its image lies in P (Ω 1 M ).
Proof In principle, we identify the sections of the bundle E * = (P ⊗ V * ) H with equivariant maps V * → P , i.e. with elements of E = P ⊗ V . Here V * is the right dual, i.e. has a coaction such that the evaluation map V ⊗ V * → C is an intertwiner. In practice, we now proceed directly with E and without assuming V * . Given θ, we defines θ :
its image in Ω n M . To see this, apply the coaction ∆ R to P in P ⊗ M ⊗ n . Conversely, given
) which one may verify is well-defined and lies in
is another notation (summation over terms labeled by α understood). The proof follows exactly the same lines as the n = 0 case in [7] [6]. ⊔ ⊓ Motivated by Corollary 2.2 we define a frame resolution of Ω 1 M as follows:
over M , a unital right H-comodule V and a right strongly tensorial form θ :
Note that we do not fix V or H here, so this is not necessarily the frame bundle in the classical case. However, the moral of our formulation of classical Riemannian geometry in Section 2 is precisely that it does not really matter which frame resolution we take as all of them achieve the desired result that the (co)tangent bundle is expressed as an associated vector bundle. We can go on to define the 'frame bundle' as a particular frame resolution (e.g. in some sense minimal such that there is a unique torsion free connection for every metric), but we do not need to do this (it will be attempted elsewhere).
We can now proceed to conclude further isomorphisms
(i.e. with left strongly tensorial forms V * → (Ω 1 M )P ), etc. 
Proposition 3.3 Let ω be a left strong connection on P in the sense of preserving left strong tensoriality. Then the covariant derivative
(summation over terms labeled by α understood) denotes the output of s
Proof By definition, a connection on P is called (left) strong if it sends pseudotensorial forms f : V * → P (which are automatically left and right tensorial) to left strongly tensorial forms Df :
The need for such a restriction is explained in [4] and it is studied in [5] ). We view f as a section of E * or an element of E, and hence via the above isomorphisms we obtain the corresponding covariant derivative ∇ on forms as
) for all p, p ′ ∈ P from [4] gives the explicit expression shown for ∇. From this it is immediate that the derivation property ∇(f.w) = f ∇w + df ∧ w holds for all f ∈ M and w ∈ Ω 1 M . Note that the product ∧ in the universal case is the product of the adjacent copies of M . ⊔ ⊓ This constructs the covariant derivative on Ω 1 M , which is the starting point of quantum group Riemannian geometry. Next we define the torsion tensor (motivated by Proposition 2.5) as d − ∇. We have a problem, however, that θ is right-strongly tensorial not left-strongly tensorial, so Dθ is not strongly tensorial. This problem is resolved as follows. Note that assuming H has invertible antipode thenH = H op (with the opposite product) is also a Hopf algebra andP = P as an algebra but with the coaction
makesP into a left comodule algebra underH. Throughout the paper, whenever we consider both left coactions and right coactions ∆ R p = p( 1) ⊗ p( 2) on the same object, they will always be related like this. We defineΠ ω :
is a notation (summation understood). This is exactly a left-handed version of the formula for Π ω in [4] . We defineD = (id −Π ω )d on forms on P .
Proposition 3.4
The following three are equivalent:
Moreover, in this caseD preserves right strongly tensorial form.
Proof By definition, ω is left strong if it preserves left strongly tensorial forms. As explained in [6] , this is equivalent to sending the identity map P → P regarded as a (left) strongly tensorial form to a left strongly tensorial form, which is the condition studied in [5] . The explicit form of this with the universal calculus in [6] can be massaged further (using the comodule algebra property of ∆ R ) as
where ω α ⊗ ω α = ω is a notation. Multiplying all expressions here from the left by p ′ ∈ P , we note that they can all be factored through the map
by the Hopf-Galois condition. So, applying to χ −1 (1 ⊗ h) for h ∈ H, we obtain the simpler but equivalent condition
. (17) Finally, we apply this equation to h (2) of Sh (1) ⊗ h (2) and multiply the free Sh (1) in from the left. This gives the simpler equation
This is the condition stated in terms of ∆ L and is equivalent so long as S is invertible. On the other hand, ω as a connection is Ad invariant. Using this fact, we may convert the coaction on the first output of ω on the left hand side of (17) to a coaction on the second output of ω:
as equivalent to (17) by Ad-invariance of ω. This is the same condition as (17) with left-right reversed and H replaced byH. We can also apply it to h (1) of h (1) ⊗ h (2) and multiplying in the h (2) gives us the equivalent expression (16).
is a left handed quantum principal bundle then we can immediately conclude the result by left-right symmetry: view a right strongly tensorial form on P equivalently as a strongly tensorial form onP : the condition that such forms are preserved underD is exactly the ∆ L version of (17), which have seen is equivalent to ω left strong. More generally, without assumingP is Hopf-Galois we defineD directly by the same formulae as in the Hopf-Galois case and verify that it preserves right strongly tensorial forms. ⊔ ⊓
The proposition suggests the definition of a quantum bundle as bicovariant if both P,P obey the Hopf-Galois condition. In this case, the above lemma asserts that a connection is (left)strong on P iff it is (right)strong onP . We do not need to assume this at the moment since we are interested only in working on P .
Proposition 3.5 The torsion tensor
responds under the isomorphism in Lemma 3.1 to the right strongly tensorial formDθ :
where θ = θ α ⊗ θ α (say) and · multiplies the adjacent copies of P between ω and θ, and ∆ L is related as in (14) to the original right coaction on V .
Proof The exterior derivative on to those in [4] . ⊔ ⊓ Clearly, a torsion free connection with respect to a given frame resolution is one wherē Dθ = 0. Let us note that in the case of the universal calculus where
this condition is much stronger than it would be classically or with non-universal calculi. Since ∇ coincides with ∇∧, we see that the vanishing of torsion implies a unique covariant derivative, namely ∇ = d. One may also see by applying s −1 θ to the explicit formula forDθ that ω composed with the left-handed coaction ∆ L : V → H ⊗ V is fully determined byDθ. One has uniqueness of the composition for prescribed torsion. Moreover, by consideringD 2 θ, one finds that the curvature of such an ω must vanish. These are intrinsic limitations of the universal calculus.
Next, we can go on and define metric-compatibility as ∇g = 0, where ∇ is suitably extended
as a derivation if we follow the line of Proposition 2.7. On the other hand, Corollary 2.8 suggests a different formulation as follows. We consider g equivalently as γ ∈ (Ω 1 M )P ⊗ V ) H via the isomorphisms above non-degenerate in the sense of providing a dual (and left-handed) frame resolution via V * . Thus,
where we assume the existence of the canonical element or coevaluation f a ⊗ e a = coev ∈ V * ⊗ V for the duality pairing of V * with V (here {e a } is a basis of V and {f a } a dual basis.) When V is infinite-dimensional one can consider (19) formally as a power-series or alternatively one can
In practice η will still tend to be in some completed tensor product when we work with the universal calculus, and it should be non-degenerate in some sense. As soon as we pass to nonuniversal calculi, V will tend to be finite-dimensional and these subtleties will not arise.
Therefore, for simplicity, we stress the version with γ. Finally, we have seen that vanishing of the torsion and cotorsion classically means metric compatibility in a skew symmetrized or 'differential form' sense. However, quantum differential forms in the universal calculus are not skew symmetrized so at least in this setting we can reasonably take Dγ = 0 and Dθ = 0 as the correct conditions for 'torsion free and metric compatible'. 
Proof The explicit computations are similar (with a left-right reversal) to those already made forDθ etc., so we omit them. Comparing the result of Γ = (T γ ⊗ id)g with that of (id ⊗ T )g, we find that they differ by dg. ⊔ ⊓ Here (id ⊗ T )g is the torsion form (i.e the torsion tensor viewed in Ω 1 M ⊗ M Ω 2 M via the quantum metric). So the proposition says that the cotorsion minus the torsion is dg. Since the universal differential calculus has trivial cohomology, we see that for a torsion free connection, a metric γ has zero cotorsion iff the corresponding g is closed.
As a third formulation of the quantum metric, one should be able to identify
with (P ⊗(V ⊗ V )) H , i.e. with tensorial V ⊗ V 0-forms. This is a different quantum generalisation of ∇ from the derivation property, as we have seen in detail in the proof of Proposition 2.7
in Section 2. This third approach, however, will be considered elsewhere because it appears to need nonuniversal calculi for its proper formulation. The main results above clearly do extend in principle to nonuniversal calculi (M, Ω 1 (M )). Thus, a frame resolution means a choice of quantum principal bundle with nonuniversal calculus (P, Ω 1 (P ), H, Ω 1 (H), V, θ) as in [4] [8] and a right strongly tensorial form θ : V → Ω 1 (P ) such that the induced map
isomorphism. Similarly, we may introduce a metric as γ : V * → Ω 1 (P ) such that the induced s γ is an isomorphism. The underlying theory of associated bundles with nonuniversal calculi needs to be developed first in order to proceed further.
Finally, we recall that a quantum principal bundle (P, H) is called trivial [4] if there is a convolution-invertible unital linear map Φ : H → P which intertwines the right regular coaction of H on itself and ∆ R on P . In terms of extension theory of algebras, one says that the extension is cleft, and one knows that P is then a cocycle cross product algebra. A strong connection ω in this case is equivalent to a 'gauge field' A : H → Ω 1 M such that A(1) = 0. We have [4] 
where * is the convolution product x * y = · • (x ⊗ y) • ∆ for maps x, y from H. From [4] , we also know that left strongly tensorial forms such as (in our present case) γ : V * → (Ω 1 M )P on a trivial bundle are in 1-1 correspondence with 'matter fields' f :
(Similarly, θ L = e L * R Φ for some e : V → Ω 1 M in the alternative formulation of the quantum metric.) Here we extend the * notation to the convolution right action with respect to ∆ R in place of ∆. In a similar way, one finds that right strongly tensorial forms such as (in our case)
where we now also use * L for the convolution left action with respect to ∆ L . Moreover, that the maps s θ and s γ are invertible correspond respectively to invertibility of the maps (22) for m ∈ M, v ∈ V, w ∈ V * . The first case follows easily from the description in [4] of the associated bundle E in the trivial bundle case as M ⊗ V ∼ =E, combined with Lemma 3.1, while the second is similar. We similarly need s e L an isomorphism in that setting. We call these particular 'matter fields' e and f the quantum V -bein or V -cobein respectively, and e L a lefthanded quantum V -bein. They are global parallelisations of Ω 1 M as a basis of 1-forms over M acting either from the left or from the right.
Proposition 3.7 For a trivial quantum principal bundle frame resolution in terms of gauge fields and V -(co)beins, the covariant derivative is
where
e denotes the output of s −1 e acting on Ω 1 M . The torsion and cotorsion correspond toD
and the metric has the form g = f (f a )e(e a ), where {e a } is a basis of V and {f a } is a dual basis.
Proof This follows from Proposition 2.3 and the form of s −1 e deduced from (22) , and the isomorphism M ⊗ V ∼ =E from [4] . The torsion tensors and cotorsion tensor correspond toDθ = Note that the requirements for s e , s f (or s e L ) to be isomorphisms is the same as saying that
) are frame resolutions with trivial quantum group H = k and P = M . So M has a trivial principal bundle frame resolution and/or dual frame resolution iff it has a trivial one with H = k. On the other hand, extending P to some larger trivial frame bundle with nontrivial structure group H allows for a larger range of covariant derivatives induced by different gauge fields A. Moreover, this is also the 'local picture' when a nontrivial bundle is glued by patching together trivial bundles as in [4] .
Basic constructions: q-homogeneous spaces and bosonisation
In this section we show how the formalism above includes various well-known quantum spaces arising in the theory of quantum groups and braided groups. We provide some basic general classes of examples as well as concrete cases such as the quantum sphere S 2 q and the quantum planes R n q . We mainly establish the existence of the frame resolution and the general form of the covariant derivative ∇ for our examples, and in some cases we obtain a quantum metric g.
We start with the simplest of all examples, namely M = H a Hopf algebra. As we might expect, its universal differential calculus is 'parallelisable' in the sense that it can be resolved with trivial quantum group in the frame resolution.
Proposition 4.1 Let M = H, a Hopf algebra. Then (H, Ω 1 H) has a quantum frame resolution
where P = H and H = k, the ground field, and
The covariant derivative and torsion are
extended linearly and restricted to Ω 1 H.
This map is in fact the inverse of the well-known isomorphism Ω 1 H → H ⊗ ker ǫ given by h ⊗ g → hg (1) ⊗ g (2) . Hence this choice of P, V, θ indeed provides a frame resolution of H, Ω 1 H.
On the other hand, ker ǫ ⊂ H is zero so only ω = 0 is possible. Then ∇, T necessarily have the form stated. ⊔ ⊓ This provides a 'quantum geometrical' picture of the isomorphism Ω 1 H ∼ =H ⊗ ker ǫ playing a fundamental role in the theory of differential calculi on quantum groups. Similarly, any leftcovariant Ω 1 (H) has the form H ⊗ ker ǫ/Q ∼ =Ω 1 (H) where Q is a right ideal in ker ǫ [18] . One can view this, as above, as coming from a frame resolution where V = ker ǫ/Q and θ is inherited from the formula above.
The trivial frame resolution here induces only one covariant derivative. On the other hand, we can view θ as a quantum V -bein as part of any trivial quantum group principal bundle with quantum group H ′ coacting on V , giving a larger range of induced covariant derivatives according to gauge fields A (see Proposition 3.7). Moreover, by an evident left-right symmetry,
we also have a left frame resolution
and hence a metric if are given a nondegenerate η ∈ V ⊗ V . In the finite-dimensional case when η is viewed as map V * → V by η(w) = η( , w), we also have a dual frame resolution γ(w) = η(w) (1) ⊗ Sη(w) (2) . The corresponding quantum metric in either case is
(1) η
where η = η (1) ⊗ η (2) . If η is H ′ -invariant then we can view γ as a quantum V -cobein on the trivial quantum principal bundle with structure quantum group H ′ .
Proposition 4.2 Let H be a Hopf algebra. Then (H, Ω 1 H) has a frame resolution by P = H ⊗ H, quantum V -bein and covariant derivative
V = ker ǫ, ∆ L = ∆ − id ⊗ 1, e(v) = Sv (1) ⊗ v (2) ∇(h ⊗ g) = 1 ⊗ h ⊗ g − hg (1) ⊗ Sg (2) ⊗ g (3) − hg (1) A(g (2) )Sg (3) ⊗ g (4) + hg (1) A(g (2) ) ⊗ 1.
There is a unique gauge field
is H-invariant, and when non-degenerate it defines a quantum metric
There is a unique gauge field A(h)
= h (1) ⊗ Sh (2) − ǫ(h)1 ⊗ 1
with zero cotorsion. Both gauge fields have zero curvature.
Proof We use Proposition 3.7 as explained above, regarding P = H ⊗ H as a trivial bundle with structure group H and ∆ R (h ⊗ g) = h ⊗ g (1) ⊗ g (2) , and regarding θ, θ L in Proposition 4.1 as V -bein and left V -bein. We equip V with the coaction ∆ L as stated, and easily verify that η ∈ V ⊗ V is invariant under the tensor product coaction. Also, both gauge fields obey dA + A * A = 0, which we can interpret asD A e = 0 in the first case and D A e L = 0 in the second. By applying s e and s e L to these equations one knows that A composed with ∆ L or ∆ R on V is fully determined. By applying ǫ, this determines A in the two cases uniquely. In the finite-dimensional case it makes sense to require non-degeneracy as an isomorphism η : V * → V or equivalently as a map V * ⊗ V * → k. Equivalently, we identify V * = ker ǫ ⊂ H * and require that Λ, (Sw)x is non-degenerate as a bilinear form on w, x ∈ V * . ⊔ ⊓
The nondegeneracy condition here holds, for example, when H is finite-dimensional and Λ is a normalised integral in H and Λ * a normalised integral in H * such that Λ * , Λ is invertible.
For then η(w) = SΛ (1) Λ (2) , w − 1 Λ, w is the Fourier transform on H * (restricted to ker ǫ and projected to ker ǫ) and is invertible, cf[3, Cor. 1.5.6]. For example, we may certainly take the functions H = C(G) on a finite group G and Λ the Kronecker δ-function at the identity.
Quantum principal homogeneous spaces
A quantum homogeneous principal bundle is [4] a Hopf algebra surjection π : P → H such that ∆ R = (id ⊗ π) • ∆ makes P a quantum principal bundle over M = P H . A sufficient condition is that the product map ker ǫ| M ⊗ P → ker π is a surjection [4] . M is called a principal quantum homogeneous space cf [17] . A linear splitting i : (2) , see [4] , called the canonical connection associated to a splitting. Necessary and sufficient conditions for the canonical connection to be strong are in [14] and amount to i a unital bicovariant splitting.
Proposition 4.3 Let M be a quantum principal homogeneous space associated to π : P → H.
Then (M, Ω 1 M ) has a quantum frame resolution (P, H, V, θ), where
Let i be a bicovariant unital splitting. Then the associated canonical covariant derivative is the
, using coassociativity and that V ⊂ M .
We also verify that ∆ R as stated makes V a right comodule. Note that this is such that the corresponding left handed coaction as in Section 3 is ∆ L (v) = π( (1) ) ⊗ v (2) . This makes it clear that ∆ R is indeed a coaction (since ∆ L clearly is) and that
We similarly verify that θ is an intertwiner. Putting the output of ∆ R to the far right, we have ( ( 2) by coassociativity and the form
. Hence the various maps are defined as stated. By Lemma 3.1 we have
and we verify that it is an isomorphism s θ :
Indeed, we define the inverse as the restriction to Ω 1 M of s
. This has its right hand output in M by the same coassociativity argument as above. Moreover,
θ (m ⊗ n) = mn so Ω 1 M maps to P ⊗ V as required. That the two maps s θ and s
−1 θ
are mutually inverse is the same elementary computation as in Proposition 4.1. Indeed, these maps are restrictions of the corresponding maps for P as a Hopf algebra with its trivial frame resolution. Finally, putting in the form of ω into Proposition 3.3 immediately gives ∇ as shown.
We note that this simplifies slightly on exact forms, as
for all m ∈ M . Also, T (dm) = −∇(dm). Since ∇ is left derivation and the torsion tensor is a left-module map, they are fully defined by their values on exact forms. ⊔ ⊓
The most well-known nontrivial example of a principal quantum homogeneous space is the quantum sphere M = S 2 q , where P = SO q (3) as the even subalgebra of SU q (2) with usual generators α, β, γ, δ, and H = k[z, z −1 ] with projection and induced ∆ R π α β γ δ = z
, restricted to SO q (3). Similarly to [4] , one can take i(z n ) = α 2n and i(z −n ) = δ 2n and verify that one has a strong canonical connection (the charge 2 monopole). One may also take a slightly more complicated i in trivial bundle 'patches' if one wants closer contact with the classical formulae [4] . The S 2 q is the subalgebra generated by 1, b − = αβ, b + = γδ, b 3 = αδ and is an example of the family in [19] . One may then compute the covariant derivatives ∇(db 3 ), ∇(db ± ) and verify that they are non zero.
Quantum planes and other braided groups
Other natural 'quantum geometries' (in the sense of being associated naturally with quantum group symmetries) are braided groups B. These (for our purposes here) are covariant objects under some background strict quantum group H which, like the Z 2 of supersymmetry, induces 'braid statistics' on B. Basic examples (all due to the author) are quantum planes, q-Minkowski space and versions BG q for all the standard quantum groups, see [2] [3] . In this section we consider quantum group Riemannian geometry on such objects, i.e. we take M = B. On the other hand, we know from bosonisation theory[3, Thm 9.4.12] that every braided group has an equivalent quantum group B>⊳H given by adjoining the background covariance quantum group. So we can view the trivial resolution instead as a quantum V -bein.
Proposition 4.4 Let M = B be a braided group covariant under a dual quasitriangular Hopf
. Then (B, Ω 1 B) has a frame resolution with trivial bundle P = B>⊳H, V = ker ǫ ⊂ B and quantum V -bein e(v) = Sv (1) ⊗ v (2) . The covariant derivative induced by a gauge field A is
Moreover, if η ∈ V ⊗ V is nondegenerate and H-covariant then
is a quantum metric.
Proof Cf [4] we view B>⊳H as a quantum principal bundle with trivialisation Φ(h) = 1 ⊗ h and Φ −1 = S • Φ. The quantum V -bein e induces a canonical form
where the product · is in B>⊳H. In our case
depends on the quasitriangular structure if one wants to compute θ explicitly. Similarly, we have are the q-binomial coefficients. One may similarly compute the covariant derivative using the q-trinomial coefficients for the coefficients of (id ⊗ ∆)•∆x m . For the lowest generators, one has
The sl n quantum-braided planes M = R n q are similarly braided groups [20] covariant under SL q (n) = GL q (n). Their bosonisations R n q >⊳GL q (n) are therefore now to be regarded via Proposition 4.4 as the linear frame bundles of the quantum planes. In general, and unlike the classical situation, one has different q-deformed versions of R n q of various covariance types e.g. associated to covariance under all the dilatonic extension G q of the standard matrix quantum groups G q . The general construction is provided [20] by the theory of linear braided groups B = V L (R ′ , R) where R ′ , R are certain 'R-matrix' data and covariance is under the dilatonic extension of a quantum group obtained from the quantum matrix bialgebras [22] A(R). The bosonisation of these quantum braided planes provides the construction of inhomogeneous quantum groups R n q >⊳ G q etc. in [20] , which we understand now as frame resolutions by H = G q of these various quantum planes.
The obvious case, using the so n series R-matrix, is the quantum Poincaré algebra R n q >⊳ SO q (n) which we understand now as the dilaton-extended orthogonal frame bundle of R n q . We need the more general theory of frame resolutions, however, to accommodate the other versions of R n q associated to other quantum groups. One similarly has Minkowski versions R 1,3 q >⊳ SO q (1, 3) in [20] . This also has a spinorial version where R 1,3 q = M q (2) the space of 2 × 2 braided hermitian matrices [23] [24] [25] ; their spinorial bosonisation P = M q (2)>⊳ SU q (2)⊲⊳SU q (2) is computed explicitly in [26] and can be viewed as a double cover of the SO q (1, 3) frame resolution. Finally, these Euclidean and Minkowski space braided groups have known quantum metrics. A quantum metric in this context of linear braided groups is defined[3, Def. 10.2.14] as an isomorphism the
induced by a linear isomorphism η of the mutually dual generating vector spaces. Here (in our present conventions) the evaluation map ev :
The coevaluation for this is the appropriate braided-exponential exp R (p|x) as a powerseries in
. We refer to [3, Chapter 10] for an introduction to this 'braided analysis'.
Projecting to V = ker ǫ (polynomials in the generators with no constant terms), we have an
as a formal powerseries in V ⊗ V . Thisη in Proposition 4.3 then induces a formal quantum metric g in the sense of quantum group Riemannian geometry with the universal differential calculus. Note that these linear braided groups also have more natural nonuniversal differential calculi of the correct classical dimension, in which case one expects the universal g to collapse down to a q-deformation of the usual flat metric corresponding to η.
Other bosonisations and biproducts
We mention here some different settings for braided groups, to which the same formulae as in Hopf algebra H, R where R = R (1) ⊗ R (2) ∈ H ⊗ H obeys the axioms in [28] . The bosonisation has a similar form B>⊳H except that this time the algebra is the cross product by the given action of B and the coalgebra is the cross coproduct by the coaction [29] 
We have the same result as in Proposition 4.4 but with this form of coaction. Thus,
where R ′ is a second copy of R.
More generally, we can think of braided groups B ∈ H H M, the category of crossed modules or quantum double modules associated to any Hopf algebra H with invertible antipode. (These can also be called Drinfeld-Radford-Yetter or DRY-modules cf [28] [30] [31] .) Here H both acts and coacts on B in a compatible way (to form effectively an action of Drinfeld's quantum double D(H)), and the semidirect product and coproduct or 'biproduct' B>⊳H is a Hopf algebra.
Conversely, every Hopf algebra projection π : P → H split by a Hopf algebra map is of this form for some braided group B. See cf [30] [32] (the latter paper provided the braided group formulation of this theorem of Radford's).
We have just the same formulae as in Proposition 4.4 for B>⊳H regarded as a frame resolution of such B. On the other hand, we see that general biproducts B>⊳H are equivalent to special cases of the quantum homogeneous principal bundles of Section 4.2, namely those which are trivial and where the trivialisation Φ is a Hopf algebra map. 
in the proof of Proposition 4.3 coincides with the given left coaction ∆ L used in the construction of B>⊳H. Hence, in Proposition 3.7,
where we use the coproduct of B>⊳H, the form of π, the form of θ from Proposition 4.3, the coproduct again, then that the braided coproduct is covariant under the coaction. 
Strict quantum groups as base and the quantum double
As a very particular case of the frame resolution of braided groups in the preceding sections, we take M = BG q the braided group versions of the usual quantum groups G q . They have been introduced by the author in [23] and are quotients of braided matrices B L (R) with a matrix of generators u = {u i j }, coproduct and quadratic relations
Here we use a version left-covariant under the corresponding G q . On the other hand, one knows from [22] that such relations are also obeyed by certain matrix generators of U q (g) so one can view BG q as certain versions of the algebras U q (g) (the deeper reason for this is the braided group self-duality isomorphism BG q ∼ =BU q (g), see [32] ). Therefore if one wants to view U q (g)
'up side down' as some kind of coordinate ring, this is one way to do it and BG q >⊳G q is a frame resolution for it. Actually, BG q >⊳G q ∼ =G q ⊲⊳G q (see [3] ) which is essentially isomorphic to some version of the dual of Drinfeld's double D(U q (g)). But the version with BG q explicitly expresses this dual of the quantum double in the form of Proposition 4.4, with M = BG q as the base of a trivial quantum principal bundle. We note also that these same bosonisations BG q >⊳G q have been considered before in [24] , as q-deformed Mackey quantisations of a particle moving on BG q with generalised momentum quantum group U q (g * ).
The general construction behind BG q is transmutation [33] , which associates to any dual quasitriangular Hopf algebra H, R a braided group H covariant under H by the (in our case, left) adjoint action. 
Moreover, if H is factorisable with induced linear isomorphism Q = R 21 R : H * → H then we have a quantum cobein
and hence a quantum metric g.
Proof Cf [33] but now in a left-handed form, the structure of H is
in terms of the original Hopf algebra structure of H. The braided coproduct and counit coincide with the coproduct and counit of H. Applying this in Proposition 4.4 gives the formula for e. Similarly for e L . Also, it is well-known cf [34] that the 'inverse quantum Killing form' Q = R 21 R is Ad-invariant, and in braided group theory it becomes a braided group homomorphism The latter 'factorisability' assumption applies to finite-dimensional quantum groups, but it also holds [34] in a formal power-series setting (after allowing suitable square-roots and logarithms of generators) for the standard quantum groups such as G q and hence BG q (since this coincides as a linear space with G q ).
Finally, we outline a different frame resolution of BG q , this time as a left module under a quasitriangular Hopf algebra H = U q (g) (as in Section 4.3). Here we view, by definition, that U q (g) ≡ G * q , i.e. we regard it 'up side down' as the q-deformed coordinate ring of the Drinfeld-dual group with Lie algebra g * . Then BG q >⊳G * q ∼ =D(U q (g)) (not its dual as before).
The general setting here is best covered by using H the braided version of a quasitriangular
Hopf algebra H, R in [35] (not dual-quasitriangular as before). One also has H>⊳H ∼ =H◮ ◭H, see [3] . and in the factorisable case one has H>⊳H ∼ =D(H), the Drinfeld quantum double [28] .
Moreover, H = H as an algebra. 
where X = R 12 R 13 R 23 ∈ H ⊗ 3 , u = (SR (2) )R (1) and Ad is the left quantum adjoint action. 
Proof We use the braided coproduct and braided antipode of H as [35] [3]
Writing out Ad h (g) = h (1) gSh (2) explicitly and using Drinfeld's quasitriangularity axioms, one may compute e(v) = Sv (1) ⊗ v (2) and e L (v) = v (1) ⊗ Sv (2) as shown in terms of the structure of H (among many other ways to write these objects). This is a straightforward Hopf-algebra calculation. Meanwhile, Ad-invariance of (S ⊗ id)K is well-known and given explicitly in [3,
Chapter 2]. One may go on and write the quantum metric g = e L (K (1) )e(K (2) ) explicitly as a product of several copies of R. ⊔ ⊓ Thus the braided version BU q (g), which has the same algebra as U q (g), has frame resolution BU q (g)>⊳U q (g). This can be applied to the reduced quantum group enveloping algebras at roots of unity (which are finite-dimensional), or applied in the formal power-series setting of [28] . In another other version of Proposition 4.7 we may take BG q in place of BU q (g) since these are essentially isomorphic in the factorisable case. Then BG q has a frame resolution by BG q >⊳U q (g).
Likewise, we have a version of Proposition 4.6 where we replace BG q by a suitable (right Adaction covariant) version of BU q (g). In this form, one may take
There are many other braided groups beyond those discussed above. For example, it is obvious from Lusztig's book [36] that in his approach to the structure of U q (g) one effectively views U q (n + ) as a braided group with phase-factor braid statistics as in [21] . The above results provide a step towards a 'quantum group Riemannian geometry' of such objects as well, albeit far removed from our original physical motivation of q-deforming usual geometry.
A Braided group 'diagrammatic' Riemannian geometry
Here we give the formalism developed above in a different 'diagrammatic' setting of braided group gauge theory [9] [10], i.e. where the gauge group has braid statistics (this should not be confused with Section 4 where we gave some examples where the base M was a braided group). In particular, [10] developed principal bundles, connections, associated bundles etc at the level of braid and tangle diagrams, which theory we 'update' now to include the elements of Riemannian geometry above. As well as being more general and having potentially different examples than the quantum group case (cf. the anyonic (or Z n -graded) gauge theory in [10] ), the diagrammatic theory provides a different style of proofs which, for trivial braid statistics, reduces to the quantum group gauge theory. For super (Z 2 -graded) gauge theory we just take bose-fermi statistics, so the formulae for super-quantum group Riemannian geometry can be read off from these diagrams. In general we work in a braided category [37] where, for any two objects there is a braiding Ψ = implementing their exchange. We denote Ψ −1 = . Extending this notation, algebra products are denoted and coproducts or coactions denoted . Maps are provided by 'wiring' outputs into inputs, with maps flowing generally downwards. The unit object 1 for the tensor product is denoted by omission. This is the 'diagrammatic braided group theory' introduced in [35] . See [2] [3].
Thus we consider an algebra M in a braided category, the differential calculus Ω 1 M defined diagrammatically and a braided group principal bundle P, B. Here B is a braided group or Hopf algebra with braid statistics [35] . If V is a right B-comodule in the braided category, we have an associated bundle E = (P ⊗ V ) B as before, where fixed points are defined categorically as equalisers and where P ⊗ V has the braided tensor product coaction. This theory is in [10] .
We assume that our braided category has direct sums and appropriate flatness properties, as explained in [10] , and adopt the corresponding abuses of notation. To this we add:
Proof This is shown in Figure 1 for n = 1 (the general case looks just the same). We (a) apply the braided coaction P → P ⊗ B as shown and find that it acts trivially, hence the morphism
proofs follow exactly the steps for the n = 0 case in [10] , so we omit the detailed diagrammatic verification. The morphism η : 1 → B is plays the role of the unit 'element' of the braided group (and should not be confused with the local metric η in the main sections of the paper). ⊔ ⊓
We then define a braided frame resolution as a pair P, θ such that P is a braided principal bundle and the morphism s θ = (· ⊗ id)(id ⊗ θ) is an isomorphism. We then induce similar
Proposition A.2 Given a braided frame resolution of M and a connection ω, we define ∇ : Figure 2 and is a derivation with respect to multiplication in the first factor.
morphisms. It is computed in
Proof This is shown in Figure 2 , using the expression for id − Π ω in [10] . The derivation formula is then immediate from the final result for ∇. The unmarked denotes the coaction
Thus, we are able to proceed along the same lines as in the quantum group case, with similar results. We let Proof The condition for ω to be left strong (to preserve left strongly tensorial forms) is given in [10] . Applying P ⊗ M ( ) to this diagram and making a product in P , one finds that it factors through χ : P ⊗ M P → P ⊗ B. Cancelling this gives the first equality in Figure 3 (a) as the condition for left strongness. The left hand side of this is, however, equal to its mirror image (shown on the right in Figure 3(a) ). The proof of this is the lower line in Figure 3(a) . We first insert a trivial 'antipode loop'. The next equality is the comodule property of ∆ R . We then use Ad-invariance of ω, cancel a resulting antipode-loop and finally rearrange to recognize the right hand side of the upper line in Figure 3 Proof The proof follows the quantum group case. The exterior derivative has the identical form (but written diagrammatically) and we subtract ∇. We also write the coaction on P in (P ⊗ V ) B in ∇ as a coaction on V (see [10, Prop. 4.4] ). For the second part, we graft on a product with P ⊗ M from the left and cancel a copy of χ through which the diagram factors.
The resulting diagram is same as grafting on a product with P from the left toDθ shown in clear that s θ invertible is equivalent to s e invertible. Similarly, the existence of a dual frame resolution γ is equivalent to f : V * → Ω 1 M such that s f is invertible (see Figure 6 (c)). Similarly, we already know [10] that strong connections ω correspond to gauge fields A : B → Ω 1 M via ω = Φ −1 * A * Φ + Φ −1 * dΦ. Putting this into ∇ from Figure 2 and moving the coaction on P over to ∆ L in V (as in the preceding proof) gives the resulting covariant derivative ∇ in terms of e, A as shown in Figure 6 (b). In fact, the resulting 'local' formulae take the same form as in the quantum group case at the end of Section 3 if we use the convolution product notation.
One has similarly that Dγ andDθ correspond to D A f andD A e as in Proposition 3.7, written diagrammatically as morphisms. The formulae for a left-handed frame resolution e L are similar.
We see that braided theory goes through along the lines of the quantum group case. One has braided versions of all the examples in Section 4 as well: braided groups, braided homogeneous spaces and braided cross products such as C The general braided theory is, however, potentially better behaved as regards the Ad bundle and other properties than the quantum group theory through the imposition of natural 'braided commutativity', see [10] . Moreover, the braided setting allows one to read off the Z 2 and Z ngraded versions of the theory by inserting the relevant braid statistics phase factor at each braid crossing.
